Abstract. Let C be an integral fusion category. We study some graphs, called the prime graph and the common divisor graph, related to the FrobeniusPerron dimensions of simple objects in the category C, that extend the corresponding graphs associated to the irreducible character degrees and the conjugacy class sizes of a finite group. We describe these graphs in several cases, among others, when C is an equivariantization under the action of a finite group, a 2-step nilpotent fusion category, and the representation category of a twisted quantum double. We prove generalizations of known results on the number of connected components of the corresponding graphs for finite groups in the context of braided fusion categories. In particular, we show that if C is any integral non-degenerate braided fusion category, then the prime graph of C has at most 3 connected components, and it has at most 2 connected components if C is in addition solvable. As an application we prove a classification result for weakly integral braided fusion categories all of whose simple objects have prime power Frobenius-Perron dimension.
Introduction
Throughout this paper we shall work over an algebraically closed base field k of characteristic zero.
Let G be a finite group. Several graphs that can be attached to the the set cd(G) of irreducible character degrees of G over k and to the set cs(G) of conjugacy class sizes in G, have been intensively studied. The knowledge of these graphs provides important information on the structure of the group G. See for instance [10] , [27] , [31] and references therein.
The graphs we are going to consider in this paper are mainly the prime graph ∆(G) and the related common divisor graph Γ(G). These are graphs are defined as follows: the vertex set of ∆(G) is the set of prime numbers p such that p divides some irreducible character degree of G. Two vertices p and q are joined by an edge if the product pq divides an irreducible character degree. On the other hand, the vertex set of the common divisor graph Γ(G) is the set of nontrivial irreducible character degrees, and two vertices a and b are joined by an edge if a and b are not relatively prime.
Similar graphs can be attached to the set cs(G). The graphs thus obtained are denoted by ∆ ′ (G) and Γ ′ (G). It is known that, for any finite group G, the graph ∆(G) has at most three connected components. In the case where G is solvable, ∆(G) has at most two connected components; furthermore, if ∆(G) is connected, then its diameter is at most 3, while if it is not connected, then each connected component is a complete graph [29] , [28] [30] .
On the other hand, the graph ∆ ′ (G) has at most two connected components for any group G, and it is not connected if and only if G is a quasi-Frobenius group with abelian complement and kernel: in this case each connected component is a complete graph [3] , [26] .
A generalization of the notion of finite group is given by that of a fusion category. A fusion category C over k is a k-linear semisimple rigid tensor category with finitely many simple objects, finite dimensional Hom spaces such that the unit object 1 is simple. Thus, for instance, the category Rep G of finite-dimensional k-representations of a finite group G is a fusion category over k.
Let C be an integral fusion category over k. In this paper we study the prime graph ∆(C) and the common divisor graph Γ(C) of C, that we call the FrobeniusPerron graphs of C. These are defined as the graphs associated with the set cd(C) of Frobenius-Perron dimensions of simple objects of C.
The graphs ∆(C) and Γ(C) coincide with ∆(G) and Γ(G), respectively, when C is the category Rep G of finite-dimensional representations of G over k. On the other hand, the prime graph of the category C of finite-dimensional representations of a twisted quantum double D ω (G), ω ∈ H 3 (G, k * ), appears related to the prime graph ∆ ′ (G). In fact, ∆ ′ (G) is always a subgraph of ∆(Rep D ω (G)), and we give some examples where these graphs coincide.
The classes of group-theoretical and weakly group-theoretical fusion categories were introduced in the papers [18] , [19] , relying on certain notions of group extensions of fusion categories. A fusion category C is called group-theoretical if it is Morita equivalent to a pointed fusion category, and it is called weakly grouptheoretical if it is Morita equivalent to a nilpotent fusion category. If C is moreover Morita equivalent to a cyclically nilpotent fusion category, then it is called solvable. We shall recall these definitions in Section 3. An important open question related to the classification of fusion categories is whether any fusion category whose Frobenius-Perron dimension is a natural integer is weakly group-theoretical [19, Question 2] .
Let G be a finite group and let C be an integral fusion category endowed with an action of G by tensor autoequivalences. We prove several results on the prime graph of the equivariantization C G . Under the assumption that the group G is not abelian, we show that the graph ∆(C G ) has at most three connected components (Theorem 7.9), and it has at most two connected components if G is solvable (Theorem 7.7). In order to prove Theorems 7.9 and 7.7 we adapt some arguments used in the proofs of the corresponding results for the character degree graphs of a finite group in [31, Theorem 18.4] and [29, Proposition 2] , respectively. An important tool in our proof is an analogue of a theorem of Gallagher for fusion categories that we establish in Proposition 6.1 (see also Corollary 6.2). Moreover, we show that if C is pointed then ∆(C G ) has at most three connected components, for any group G (Theorem 7.11). This is done by applying properties of another graph, called the IP-graph, introduced by Isaacs and Praeger in [24] Among all fusion categories, a distinguished class is that of braided fusion categories and in particular, that of non-degenerate braided fusion categories. These notions are recalled in Section 9. Every non-degenerate fusion category with integral Frobenius-Perron dimension admits a canonical spherical structure that makes it a modular category. This type of categories are of relevance in distinct areas of mathematics and mathematical physics. See for instance [2] , [42] .
As a consequence of the above mentioned results for equivariantizations, we obtain the following theorems in the context of integral braided fusion categories, which are analogues of the corresponding results for finite groups: Theorem 1.1. Let C be an integral non-degenerate fusion category. Then we have:
(i) The graph ∆(C) has at most three connected components.
(ii) Suppose C is solvable. Then the graph ∆(C) has at most two connected components.
Let us observe that integral non-degenerate categories which are solvable and such that ∆(C) has two connected components do exist. See Examples 4.2 and 4.4.
For general braided group-theoretical fusion categories, which are always integral, we show: Theorem 1.2. Let C be a braided group-theoretical fusion category. Then we have:
(ii) If C is non-degenerate, then the graph ∆(C) has at most two connected components and its diameter is at most 3.
The proofs of Theorems 1.1 and 1.2 are given in Subsection 10.1. Theorem 1.2 follows from a description of the graphs of the twisted quantum double of a finite group (Theorem 8.5) and that of an equivariantization of a pointed fusion category (Theorem 7.11). The proof of Theorem 1.1 relies on a study of Tannakian subcategories of braided fusion categories and its connection with the equivariantization construction. We make use in the proofs the fact that an integral non-degenerate braided fusion category without non-pointed Tannakian subcategories has a connected Frobenius-Perron graph. See Proposition 10.3. This result follows from an application of the Verlinde formula for modular categories.
Let G be a finite group and assume that all irreducible degrees of G are prime powers. A result of Willems [45] says that G must be solvable, unless G ∼ = S × A where A is an abelian group and S is one of the groups A 5 or SL (2, 8) . An alternative proof is given in [29] as a consequence of the fact that the prime graph of G has at most three connected components.
The connected components of the graph ∆(G) are {2}, {3}, {5}, if G = A 5 , and {2}, {3}, {7}, if G = SL (2, 8) .
Let C be a braided fusion category such that FPdim C ∈ Z. It was shown in [39, Theorem 7.2] that if there exists a prime p such that the Frobenius-Perron dimension of every simple object of C is a power of p, then C is solvable. In the case where C is integral, this can be rephrased in terms of the prime graph of C saying that if ∆(C) consists of a single isolated vertex, then C is solvable.
As an application on the main theorems of this paper, we prove in Section 11 the following generalization of these results: Theorem 1.3. Let C be a braided fusion category such that FPdim C ∈ Z and let p 1 , . . . , p r be prime numbers. Suppose that the Frobenius-Perron dimensions of any simple object of C is a p i -power, for some 1 ≤ i ≤ r. Then C is weakly group-theoretical.
Assume in addition that one of the following conditions is satisfied:
The paper is organized as follows. In Section 2 we recall the definitions and some of the main properties of the graphs associated to irreducible character degrees and conjugacy class sizes in finite groups. Another graph associated to transitive actions of groups, called the IP-graph, is also discussed in this section.
In Section 3 we give an account of the relevant definitions and several features of fusion categories that will be needed in the rest of the paper. In particular, we discuss in this section the notions of group extensions and equivariantizations, and the notions of exact sequence of fusion categories and its relation with the equivariantization under a finite group action. Notions and results about braided fusion categories are discussed later on at the begining of Section 9.
In Section 4 we introduce the Frobenius-Perron graphs of an integral fusion category and give some examples. The Frobenius-Perron graph of some classes of graded extensions, namely, 2-step nilpotent fusion categories and braided nilpotent fusion categories, are described in Section 5.
In Section 6 we prove the mentioned analogue of Gallagher's Theorem. After that we prove in Section 7 our main results on the Frobenius-Perron graphs of equivariantizations of fusion categories. Our results concern equivariantizations under the action of a non-abelian group and equivariantizations of pointed fusion categories. The graph of the representation category of a twisted quantum double and its relation with the graphs ∆(G) and ∆ ′ (G) of a finite group G are described in Section 8. Section 9 is devoted to the proof of the main results on the Frobenius-Perron graphs of braided fusion categories. The last section contains the applications of the main results to the classification of certain braided fusion categories.
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Some graphs associated to a finite group
Throughout this section G will be a finite group. We shall recall here the definitions and main properties of some graphs associated to G.
Let n be a natural number. We shall use the notation π(n) to indicate the set of prime divisors of n. If X is a set of positive integers, the notation π(X) will indicate the set of prime numbers p such that p divides an element of X.
All graphs considered in this paper are non-oriented graphs. For a graph G, the vertex set of G will be denoted by ϑ(G). Let x, y be two vertices connected by a path in the graph G. The distance between x and y will be denoted by d(x, y); by definition, d(x, y) is the minimum lenght of a path in G connecting x and y. The diameter of G is the maximum among all distances between vertices in G.
Definition 2.1. Let S be a set of positive integers. The prime vertex graph ∆(S) and the common divisor graph Γ(S) of S are the graphs defined as follows:
The graph ∆(S) has as vertex set the set π(S). Two vertices p and q are joined by an edge if and only if exist a ∈ S such that pq divides a.
The graph Γ(S) has vertex set S − {1}. Two vertices a and b are joined by an edge if and only if a and b are not coprime.
Remark 2.2. We have that the number of connected components of Γ(S) is equal to the number of connected components of ∆(S); see for instance [27, Corollary 3.2].
2.1. The graph ∆(G). Let cd(G) be the set of irreducible character degrees of the group G, that is, cd(G) = {χ(1) : χ ∈ Irr(G)}. The set π(cd(G)) is thus the set of prime numbers p such that p divides χ(1) for some χ ∈ Irr(G). We shall use the notation ∆(G) to indicate the prime vertex graph of the set cd(G). The relations between the structure of the graph ∆(G) and the structure of G have been studied extensively. See for instance [31, Chapter V], [27] and references therein.
In the following theorem, we summarize some results due to Manz, Staszewski and Willems [29] , Manz [28] (ii) The graph ∆(G) has at most two connected components.
We point out that the proof of part (i) of the theorem given in [29] relies on the classification of finite simple groups.
When G is solvable, a result of Pálfy asserts moreover that if the graph ∆(G) is not connected, then each connected component is a complete graph.
The graph ∆
′ (G). Let cs(G) be the set cs(G) = {|C| : C is a conjugacy class of G}.
The prime graph and the common divisor graph of the set cs(G) will be denoted, respectively, by ∆ ′ (G) and Γ ′ (G). In this paper we shall use some important properties of the graph ∆ ′ (G), that we list in Theorem 2.5 below. These results can be found in the surveys [10] and [27] .
Remark 2.4. The vertex set of the graph ∆(G) is contained in the vertex set of the graph ∆ ′ (G), in other words, π(cd(G)) ⊆ π(cs(G)).
Indeed, if p is a prime, the condition p / ∈ π(cs G) is equivalent to the existence of a central Sylow p-subgroup in G. (Suppose p does not divide | G a| for all a ∈ G, then G has a central Sylow p-subgroup S p by [10, Corollary 4] . The other implication follows from the fact that if G has a central Sylow p-subgroup S p , then S p is an abelian direct factor of G and therefore cs(G) = cs(G/S p ). But the numbers in cs(G/S p ) all divide the order of G/S p , which is relatively prime to p.)
Assume p / ∈ π(cs G). Since G has a central Sylow p-subgroup then, by a result of Ito [25] , the degree of any irreducible character divides the index [G : S p ] and therefore it is not divisible by p. Hence π(cd(G)) ⊆ π(cs(G)), as claimed.
Let us observe that the condition p / ∈ π(cd G) is equivalent to the existence of a normal abelian Sylow p-subgroup, in view of Ito's theorem and a result of Michler [33, Theorem 5.4] .
A result of Dolfi establishes that, when G is a solvable group, ∆(G) is in fact a subgraph of ∆ ′ (G). See [27, Theorem 8.4 ].
Recall that a group G is called a Frobenius group with Frobenius complement H if there exists a proper subgroup H ⊆ G such that H ∩ g H = {e} for all g ∈ G\H. If G is a Frobenius group with Frobenius complement H, then G is a semi-direct product G = N ⋊ H, where the normal subgroup N ⊆ G, which is uniquely determined by H, is called the Frobenius kernel of G. If G is a Frobenius group with complement H and kernel N , then the orders of H and N are relatively prime. The results listed in the following theorem are due to Bertram, Herzog and Mann, Kazarin, Casolo and Dolfi and Alfandary [3] , [26] , [11] , [1] . See [27 
. Let n and m be the orders of the groups N =Ñ /Z(G) and H =H/Z(G), respectively, so that (n, m) = 1. If a ∈ G, then we have | G a| = n or m; see [10, Section 2] . Therefore in this case the two connected components of graph ∆ ′ (G) are the complete graphs on the vertex sets π(n) and π(m), respectively.
The graph Γ
′ (G) and the IP-graph. We shall consider in this subsection a generalization of the graph Γ ′ (G) introduced by Isaacs and Praeger in [24] and known as the IP-graph.
Let G be a group acting transitively on a set Ω. Consider an element α ∈ Ω and let G α be his stabilizer subgroup. The subgroup G α acts on the set Ω by restriction of the original action.
The subdegrees of (G, Ω) are the cardinalities of the orbits of the action of a stabilizer G α , α ∈ Ω, on the set Ω.
The set of subdegrees of (G, Ω) is denoted by D = D(G, Ω). Because of the transitivity of the original action, the set D is well-defined, independently of the choice of α ∈ Ω. Example 2.9. Theorem 2.8 will be applied later on in this paper (see Theorem 7.11) in the following context. Let G, A be finite groups such that G acts on A by automorphisms. As explained in [24] , a consequence of Theorem 2.8 is that common divisor graph of the set of orbit sizes of the action of G on A has at most two connected components. See [24, Corollary B] .
If, furthermore, the orders of G and A are relatively prime, then a result of T. Yuster ([46] ) implies that the common divisor graph of the set of orbit sizes is connected and its diameter is at most 2.
Fusion categories
In this section we discuss several definitions and results on fusion categories that will be needed throughout the paper. We refer the reader to [18] , [19] .
Let C be a fusion category over k. A fusion subcategory D ⊂ C is a full tensor subcategory with the following property: if X ∈ C is isomorphic to direct summand of an object of D then X ∈ D. It is shown in [17, Appendix F] that such a subcategory is rigid, so a fusion subcategory is itself a fusion category.
Let C, D be fusion categories over k. A tensor functor F : C → D is a strong monoidal k-linear exact functor.
Let C be a fusion category, and let K(C) be its Grothendieck ring. We shall denote by Irr(C) the set of isomorphism classes of simple objects, so that Irr(C) is a basis of K(C). For every X, Y, Z ∈ Irr(C), let also N Z XY ∈ Z + denote the multiplicity of the simple object Z in the tensor product X ⊗ Y , so that N Z XY = dim Hom C (Z, X ⊗ Y ), and we have a decomposition
There exists a unique ring homomorphism FPdim : K(C) → R, such that FPdim(X) > 0, for all X ∈ Irr(C). The number FPdim(X) is called the FrobeniusPerron dimension of the object X, it is the largest positive eigenvalue of the matrix
The Frobenius-Perron dimension of C is defined as
The category C is called integral if FPdim X ∈ Z, for all simple object X ∈ C, and it is called weakly integral if FPdim C ∈ Z.
An object g of C is invertible if g ⊗ g * ∼ = 1 (equivalently, if the Frobenius-Perron dimension of g is 1). The set of isomorphism classes of invertible objects of C is a subgroup of the group of units of K(C), and we have g −1 = g * , for all invertible object g. Let X, Y ∈ Irr(C) and let g be an invertible object. The multiplicity of g in the tensor product is either 0 or 1, and g is a constituent in X ⊗ Y * if and only if g ⊗ Y ∼ = X.
The category C is called pointed if all its simple objects are invertible. Every pointed fusion category is equivalent to the category C(G, ω) of finite-dimensional vector spaces graded by a finite group G, with associativity constraint given by a 3-cocycle ω :
The full subcategory of C generated by its invertible objects is the largest pointed fusion subcategory of C and it is denoted by C pt .
3.1. Exact sequences and equivariantization. Let C, D be fusion categories and let F : C → D be a tensor functor. The functor F is dominant if any object Y of D is a subobject of F (X) for some object X ∈ C.
Let Ker F ⊂ C denote the fusion subcategory of objects X of C such that F (X) is a trivial object of D, that is, such that F (X) is isomorphic to 1 (n) for some natural integer n. The functor F is normal if for every simple object X ∈ C such that Hom D (1, F (X)) = 0, we have that X ∈ Ker F .
Recall from [7] that an exact sequence of fusion categories is a sequence of tensor functors between fusion categories
if the functor F is dominant and normal, and i is a full embedding whose essential image is Ker F .
Let G be a finite group. Denote by G the monoidal category whose objects are the elements of G, morphisms are identities and the tensor product is given by the multiplication in G.
Let C be a fusion category and let Aut ⊗ (C) be the monoidal category of tensor autoequivalences C. An action by tensor autoequivalences of G on C is a monoidal functor ρ : G → Aut ⊗ (C). In other words, for every g ∈ G, there is a k-linear functor ρ g : C → C and natural isomorphisms of tensor functors
satisfying the following conditions:
for every object X of C and for all g, h, l ∈ G.
where X is an object of C, and
is a collection of isomorphisms such that
The equivariantization C G of C under the action of G is the category whose objects are G-equivariant objects of C, and morphisms f :
The equivariantization of a fusion category is again a fusion category.
Is shown in [7, Section 5.3 ] that the forgetful functor F : C G → C, F (X, µ) = X, is a normal dominant tensor functor that gives rise to an exact sequence of fusion categories
3.2.
Weakly group-theoretical and solvable fusion categories. Let C be a fusion category and let G be a finite group. A G-grading on C is a descomposition into a direct sum of full abelian subcategories C = g∈G C g , such that C * g = C g −1 and, for all g, h ∈ G, the tensor product maps C g × C h to C gh .
The neutral component C e of the grading is a fusion subcategory. If
The notion of nilpotency of a fusion category was introduced in the paper [21] . A fusion category C is nilpotent if there exists a sequence of fusion categories C 0 = Vec, C 1 , . . . , C n = C and a sequence G 1 , . . . , G n of finite groups such that C i is obtained from C i−1 by a G i -extension. C is called cyclically nilpotent if the groups G i can be chosen to be cyclic.
Let C be a fusion category. A left module category over C (or C-module category) is a category M equipped with an action bifunctor ⊗ : C × M → M and natural isomorphisms A fusion category C is called group-theoretical if it is categorically Morita equivalent to a pointed fusion category [18] . Every group-theoretical fusion category is integral.
Weakly group-theoretical and solvable fusion categories were introduced in the paper [19] . A fusion category C is weakly group-theoretical if it is Morita equivalent to a nilpotent fusion category. On the other hand, C is solvable if any of the following two equivalent conditions are satisfied:
(i) C is Morita equivalent to a cyclically nilpotent fusion category.
(ii) There is a sequence of fusion categories C 0 = V ec, C 1 , . . . , C n = C and a sequence G 1 , . . . , G n of cyclic groups of prime order such that C i is obtained from C i−1 by a G i -equivariantization or as G i -extension. A weakly group-theoretical or solvable fusion category C is weakly integral, that is, FPdim C ∈ Z, but not always integral. Is proved in [19, section 4] that the class of weakly group-theoretical categories is closed under taking extensions, equivariantizations, Morita equivalent categories, tensor products, subcategories, the center and component categories of quotient categories. Similarly, the class of solvable categories is closed under taking Morita equivalent categories, tensor products, subcategories, the center, component categories of quotient categories and extensions and equivariantizations by solvable groups.
The Frobenius-Perron graphs of an integral fusion category
Let C be an integral fusion category. By analogy with the standard notation in the character theory of finite groups, we shall denote by cd(C) the set cd(C) = {FPdim X : X ∈ Irr(C)}. Definition 4.1. Let C be an integral fusion category. The prime graph ∆(C) and the common divisor graph Γ(C) of C are, respectively, the prime graph and the common divisor graph on the set cd(C) − {1}.
We shall call ∆(C) and Γ(C) the Frobenius-Perron graphs of C. The fusion category C is of type (1, 3; 2, 6; 3, 1). So that the graph ∆(C) consists of two isolated vertices ∆(C) = {2} ∪ {3}.
It is clear that if
Example 4.3. Suppose C has a unique non-invertible simple object X; that is, C is a so-called near-group fusion category. Assume in addition that FPdim X ∈ Z. Then ∆(C) is the complete graph on the vertex set π(FPdim X) of prime divisors of FPdim X. 2 . In addition, being the center of a ciclically nilpotent fusion category, C is solvable.
It follows from [20, Proposition 4.1] that C is of type (1, 2n; 2,
), where |A| = n. Assume that C is integral. Then the vertex set of the graph ∆(C) consists of the prime 2 and the prime divisors of |A|. Moreover, if |A| is even, then ∆(C) is a complete graph, while if |A| is odd, ∆(C) has two connected components: one of them is the complete graph on the set of prime divisors of |A| and the other consists of an isolated vertex {2}.
We point out that the same holds for the fusion subcategories E = E(q, ±) of C constructed in [20, Section 5].
Frobenius-Perron graph of some classes of graded extensions
In this section we study the prime graph of some classes of nilpotent fusion categories.
Proposition 5.1. Let C be an integral fusion category. Suppose that C is a 2-step nilpotent fusion category, that is, C is an extension of a pointed fusion category. Then the graph ∆(C) is connected and its diameter is at most 2.
Proof. By assumption there exists a finite group G and a faithful grading C = ⊕ g∈G C g such that C e ∼ = D is a pointed fusion subcategory.
Suppose X is a non-invertible simple object of C. Then X ∈ C g , for some e = g ∈ G, and therefore X ⊗ X * ∈ C e = D. Then all simple constituents of X ⊗ X * are invertible, and it follows that X ⊗ X * ∼ = s∈G[X] s, where G[X] is the subgroup of the group of invertible objects s of C such that s ⊗ X ∼ = X. Hence the order of G[X] equals (FPdim X) 2 and thus it has the same prime divisors as FPdim X.
Suppose p = q are vertices of ∆(C), so that there exist simple objects X and Y such that p| FPdim X and q| Example 5.2. As a special instance of the situation in Proposition 5.1, consider the case where C is a fusion category with generalized Tambara-Yamagami fusion rules: that is, C is a Z 2 -extension of a pointed fusion category. By [40, Lemma 5.1 (ii)], all non-invertible simple objects X of C have the same stabilizer G[X] = S, where S is a normal subgroup of the group of invertible objects of C. In particular, C is integral if and only if the order of S is a square, and in this case ∆(C) is the complete graph in the vertex set of prime divisors of the order of S.
In the context of braided fusion categories we have the following: Suppose C is integral. Then so are the fusion subcategories C 1 , . . . , C m . Assume in addition that C is not pointed and C 1 , . . . , C t are the non-pointed constituents, where 1 ≤ t ≤ m. Then, for every 1 ≤ i ≤ t, C i has a simple object Y i of FrobeniusPerron dimension divisible by p i .
Note that every simple object X of C is of the form X = X 1 ⊠ X 2 ⊠ · · · ⊠ X m , where X i is a simple object of C i , for all i = 1, . . . , m. Hence the vertex set of ∆(C) is the set {p 1 , . . . , p t }.
In addition,
is a simple object of C, whose Frobenius-Perron dimension is divisible by p i , for all i = 1, . . . , t. Hence we find that ∆(C) is the complete graph on the vertex set {p 1 , . . . , p t }.
Gallagher's Theorem for fusion categories
Let C, D be fusion categories. Recall that the kernel of a tensor functor F : C → D is the full subcategory Ker F = F −1 ( 1 ) of C whose objects are those X ∈ C such that F (X) is a trivial object of D [7, Section 3.1].
Proof. By [15, Lemma 2.5], a necessary and sufficient condition for the tensor product Y ⊗ X to be simple is that for any simple object Z = 1 of C, either
Suppose that Hom C (Z, X ⊗ X * ) is also nonzero. Then we have a decomposition
Applying the functor F , we obtain isomorphisms
Since F (Z) = 0, we get that the multiplicity of the trivial object of D in F (X) ⊗ F (X) * is bigger than 1. This contradicts the assumption that F (X) is simple. Therefore Hom C (Z, X ⊗ X * ) = 0 for all such simple object Z, and Y ⊗ X is simple, as claimed.
Recall that a sequence of tensor functors
′′ between tensor categories is called exact if F is a dominant normal tensor functor and f is a full embedding whose essential image is Ker F . See Subsection 3.1. We shall identify C ′ with Ker F . As an immediate consequence of Proposition 6.1, we obtain:
′ , X ∈ C, be simple objects and assume that F (X) is a simple object of
Remark 6.3. Consider an action G → Aut ⊗ C of a finite group G on a fusion category C by tensor autoequivalences, and let C G denote the corresponding equivariantization. The forgetful functor C G → C gives rise to an exact sequence of fusion categories Rep G → C G → C [7, Section 5.3]. Corollary 6.2 implies that for every finite-dimensional irreducible representation V of G and for every simple equivariant object (X, u) ∈ C G whose underlying object X is a simple object of C, the tensor product V ⊗ X is a simple object of C. Thus we obtain that for any irreducible characters ψ and χ of F such that N ⊆ ker ψ and χ N ∈ Irr(N ), the product ψχ is again an irreducible character of F . This well-known fact in finite group theory, is a consequence of a theorem of Gallagher; see for instance [22, Corollary 6 .17].
The Frobenius-Perron graphs of an equivariantization
Throughout this section C will be a fusion category and G will be a finite group endowed with an action on C by tensor autoequivalences ρ :
Let C G be the equivariantization of C under the action ρ and let F : C G → C denote the forgetful functor.
where, for all g ∈ G Z , c g :
Simple objects of C G are parameterized by pairs (Z, U ), where Z runs over the G-orbits on Irr(C) and U is an equivalence class of an irreducible α Z -projective representation of G Z .
We shall use the notation S Z,U to indicate the (isomorphism class of the) simple object corresponding to the pair (Z, U ). We have in addition
Furthermore, F (S Z,U ) is a direct sum of conjugates of the simple object Z in C. See [8, Corollary 2.13].
We shall assume in what follows that the fusion category C is integral. This in equivalent to the fusion category C G being integral.
Remark 7.1. The full subcategory of C G whose simple objects are parameterized by S 1,U , where U runs over the nonisomorphic irreducible representations of G, is a fusion subcategory of C G equivalent to Rep G, that coincides with the kernel Ker F of the forgetful functor F :
Lemma 7.2. Let X be a simple object of C G such that FPdim X is relatively prime to the order of G. Then F (X) is a simple object of C.
Proof. Let (Z, U ) be the pair corresponding to the simple object X, so that X ∼ = S Z,U . Since the number [G : G Z ] dim U divides the order of G, which by assumption is relatively prime to FPdim X, then [G : G Z ] dim U = 1 and FPdim F (X) = FPdim X = FPdim Z. Hence F (X) = Z is a simple object of C, as claimed.
The following proposition will be used in the proof of our main results. It relies on a theorem of Michler [33, Theorem 5.4] whose proof relies in turn on the classification of finite simple groups. Proof. Let X ∈ C G be a simple object such that q divides FPdim X. Suppose that FPdim X is divisible by some prime factor p of the order of G. Then either p ∈ π(cd G
On the other hand, since G is nonabelian, π(cd G) = ∅. Let p ∈ π(cd G), and let Y be a simple object of Rep G = Ker F whose dimension is divisible by p. It follows from Corollary 6.2 that Y ⊗ X is a simple object of
. Therefore (i) holds in this case.
Finally observe that, if G has no nontrivial normal abelian Sylow subgroup, then every vertex of ∆(C G ) is connected to some vertex of ∆(G), whence the statement on the number of connected components. This finishes the proof of the theorem.
7.1. Equivariantization under the action of a nonabelian group. We continue to assume in this subsection that G is a finite group and C is an integral fusion category endowed with an action by tensor autoequivalences G → Aut ⊗ (C). We shall now apply the results obtained so far in order to study the prime graph of C G , where G is nonabelian. Proof. A nonabelian p-group has no nontrivial abelian Sylow subgroups. Hence the statement follows immediately from Proposition 7.3.
Proposition 7.6. Suppose that G is a nonabelian nilpotent group. Then the graph
Proof. Since G is nilpotent, then G is the direct product of its Sylow subgroups. Because G is not abelian, we may assume that there is a prime number p such that the Sylow p-subgroup S p is not abelian.
Then, by Remark 7.4, the group S p acts by tensor autoequivalences on the equivariantization C L and there is an equivalence of fusion categories
Sp . Lemma 7.5 implies the proposition. Proof. We consider first the case where G/L is abelian, for every nontrivial normal subgroup L ⊆ G. Note that this assumption is equivalent to the requirement that G ′ ⊆ G is the unique minimal normal subgroup of G. By Lemma 7.5, we may assume that G is not of prime power order. Then it follows from [22, Lemma 12.3] 
d).
Let p be a vertex of ∆(C G ), and let X be a simple object of C G such that p| FPdim X. If r| FPdim X, then r is also a vertex of ∆(C G ) and d(p, r) ≤ 1. Assume that FPdim X is not divisible by r. We shall show that every prime divisor of FPdim X is connected by a path with every vertex of ∆(G). Suppose first that FPdim X is not relatively prime to d, then it is divisible by some prime number q in π(cd G) and d(p, q) ≤ 1. Since ∆(G) is a complete graph, this implies that p is connected by a path with every vertex t of ∆(G).
Otherwise, FPdim X is relatively prime to the order of G. Hence F (X) is a simple object of C, by Lemma 7.2. Let Y ∈ Irr(G) of dimension d. Corollary 6.2 implies that Y ⊗ X is a simple object of C G . Since FPdim(Y ⊗ X) is divisible by pq, for all prime number q ∈ π(cd G), we get that d(p, q) ≤ 1, for all vertex q of ∆(G). This shows that ∆(C G ) has at most 2 connected components in this case.
We now consider the general case. Let N ⊆ G be a maximal normal subgroup such that the quotient L = G/N is nonabelian. As pointed out in Remark 7.4, the group L acts on the equivariantization C N by tensor autoequivalences in such a way that C G is equivalent (C N ) L as tensor categories. On the other hand, the maximality of N implies that every proper quotient of the group L is abelian. Then, by the first part of the proof, the prime graph of (C N ) L ∼ = C G has at most 2 connected components. This finishes the proof of the theorem.
We shall need the following lemma, which is contained in the proof of [29, Proposition 2]. Proof. Since N is normal in G and Q is a characteristic subgroup of N , then Q is a normal q-subgroup of G. In particular, Q ⊆ Q 0 for any q-Sylow subgroup Q 0 of G. Suppose first that Q 0 /Q does not centralize N/Q in G/Q. Then Q 0 /Q acts nontrivially on N/Q by conjugation. Furthermore, this is a coprime action in the sense of [23] and every nonlinear irreducible representation of N/Q is stable under Q 0 /Q, by assumption. It follows from [23, Theorem A] that the derived group (N/Q) ′ is nilpotent and in particular, N/Q is solvable. Hence N must be solvable as well, against the assumption.
Therefore we get that Q 0 /Q and N/Q centralize each other in G/Q. This implies that N ⊆ N G (Q 0 ). Since N has q-power index, then G = N Q 0 ⊆ N G (Q 0 ) and therefore Q 0 is normal in G, as claimed. Theorem 7.9. Let G be a nonabelian finite group and let C be an integral fusion category endowed with an action by tensor autoequivalences G → Aut ⊗ (C). Then the graph ∆(C G ) has at most three connected components.
Proof. The proof is by induction on the order of G. We follow the lines of the last part of the proof of [29, Proposition 2] . By Theorem 7.7 we may assume that G is not solvable. By Proposition 7.3 we may further assume that G contains a nontrivial normal abelian Sylow subgroup; otherwise the result follows from the corresponding result for groups; see Theorem 2.3 (i).
Let S p1 , . . . S pr be the nontrivial normal (not necessarily abelian) Sylow subgroups of G, where p 1 , . . . , p r are pairwise distinct prime divisors of the order of G and |S pi | = |G| pi , i = 1, . . . , r. Let also S be the subgroup of G generated by S p1 , . . . , S pr . Then S is a normal subgroup of G isomorphic to the direct product S p1 × · · · × S pr . Thus S G, because G is not solvable by assumption.
Let N G be a maximal normal subgroup such that S ⊆ N ⊆ G. So that the quotient G/N is simple and its order is relatively prime to p i , for all i = 1, . . . , r.
As in the proof of Theorem 7.7, there is an action of G/N on the equivariantization C N such that C G ∼ = (C N ) G/N . Suppose first that G/N is nonabelian. Proposition 7.3 implies that the number of connected components of the prime graph of (
at most equal to the number of connected components of ∆(G/N ). Hence this number is at most three, by Theorem 2.3 (i).
Therefore we may assume that G/N is cyclic of prime order q. In particular, N is not solvable. Note that q = p i , for all i = 1, . . . , r. Since |N | < |G|, we may inductively assume that the graph ∆(C N ) has at most three connected components. Simple objects of (C N ) G/N are parameterized by pairs S Y,U , where Y runs over a set of representatives of the orbits of the action of G/N on Irr(C N ) and U is an irreducible projective representation of the stabilizer of Y . Since G/N is cyclic of order q, then G Y = 1 or G/N . Hence, in view of Formula (7.2), for each Y ∈ Irr(C N ), we have two possibilities:
Possibility (b) holds if and only if Y is G/N -stable. Furthermore, we may assume that there is a simple object of C N which is not G/N -stable: otherwise, cd(C G ) = cd(C N ) and therefore C G and C N have the same prime graph. Hence the result follows in this case.
We thus obtain that ϑ(∆(C G )) = {q} ∪ ϑ(∆(C N )). Then it will be enough to show that q is connected with a vertex in ∆(C N ) and use the inductive assumption on C N . We may assume that N has no nonlinear irreducible representation of dimension divisible by q (if such a representation exists, then q is connected to some vertex of ∆(N ) which is a subgraph of ∆(C N )). Therefore, by Michler's theorem [33, Theorem 5.4] , N has a normal abelian q-Sylow subgroup Q. Note that ϑ(∆(N )) = ϑ(∆(N/Q)), by Ito's theorem.
Similarly, if N has a nonlinear irreducible representation Y with G Y = 1, then FPdim S Y,U = q dim Y , and q is connected with the prime divisors of dim Y , hence we are done.
Therefore we may assume that every nonlinear irreducible representation of N/Q is stable under G/Q. Lemma 7.8 implies that G has a normal q-Sylow subgroup Q 0 . The choice of the normal subgroup N implies that Q 0 ⊆ N and, in particular, [G : N ] is relatively prime to q, which is a contradiction. This shows that q must be connected to some vertex of ∆(C N ) and, by induction, we get that the graph ∆(C G ) has at most three connected components. The proof of the theorem in now complete.
7.2.
Equivariantizations of pointed fusion categories. Throughout this subsection let G be a finite group and let G → Aut ⊗ (C) be an action of G by tensor autoequivalences on a pointed fusion category C. These actions are described by Tambara in [41, Section 7] . Let us recall the description here.
Since C is pointed, we may assume that C = C(A, ω), where A is the group of isomorphism classes of invertible objects in C, and ω ∈ H 3 (A, k * ) is an invertible normalized 3-cocycle. Recall that C(A, ω) = Vec A ω is the category of finite dimensional A-graded vector spaces with associativity constraint induced by ω.
Any action ρ : G → Aut ⊗ C is determined by an action by group automorphisms of G on A, x → g a, a ∈ A, g ∈ G, and two maps τ : G × A × A → k * , and
Let us assume that, in addition, τ and α are normalized such that τ (g; a, b) = α(g, h; a) = 1, whenever some of the arguments g, h, a or b is an identity.
Let us denote α a (g, h) := α(g, h; a) and τ a,b (g) := τ (g; a, b), a, b ∈ A, g, h ∈ G. It follows from (7.4) that, for all a ∈ A, α a :
denote the cohomology class of α a . Let A G = {a ∈ A : G a = G} be the subgroup of fixed points of A under the action of G. Then we have
Proof. Suppose a, b ∈ A G . Then condition (7.5) writes as follows:
, which proves the claim.
The set of isomorphism classes of simple objects of C G is parameterized by the isomorphism classes of simple objects X a,Ua , where a runs over the orbits of the action of G on A and U a is an irreducible projective representation of the stabilizer G a ⊆ G with factor set α a . We shall say that the simple object X a,Ua lies over a ∈ A. For every pair (a, U a ) we have (7.6) FPdim X a,Ua = | G a| dim U a .
Theorem 7.11. The graph Γ(C(A, ω) G ) has at most 3 connected components.
Proof. In view of Theorem 7.9 and Remark 2.2, we may assume that the group G is abelian.
As a consequence of [24, Corollary B] (see Example 2.9), it follows from formula (7.6) that the Frobenius-Perron dimensions of simple objects X a,Ua lying over nonfixed points a ∈ A\A G fall into at most two connected components of Γ(C(A, ω) G ).
Since the group G is abelian, the remaining nontrivial Frobenius-Perron dimensions of C(A, ω) G correspond to simple objects X a,Ua lying over elements a ∈ A G such that [α a ] = 1, and for such simple objects we have FPdim X a,Ua = dim U a . Let n a denote the order of the class [α a ] in H 2 (G, k * ). Then n a divides dim U a . (Note in addition that, since G is abelian, the dimensions of the irreducible projective representations U a are all equal.)
Suppose that a, b ∈ A G are such that [α a ], [α b ] = 1 and n a is relatively prime to n b . In particular, ab ∈ A G and from Lemma 7.10 we get that the order of the class [α ab ] = [α a ][α b ] equals the product of the orders n a n b . Hence the FrobeniusPerron dimensions of X a,Ua and X b,U b are both connected to the Frobenius-Perron dimension of X ab,U ab , for any irreducible α ab -projective representation U ab of G. Therefore the nontrivial dimensions of simple objects of C(A, ω)
G lying over fixed points of A belong to the same connected component of Γ (C(A, ω) G ). Thus this graph has at most three connected components, as claimed.
The graph of the representation category of a twisted quantum double
Let G be a finite group and let ω be a 3-cocycle on G. Consider the twisted quantum double D ω (G) of G [14] . The Frobenius-Perron graphs of the fusion cat-
) in what follows. Similarly, the vertex set of the graph ∆(D ω (G)) will be denoted by ϑ(D ω (G)).
The irreducible representations of D ω (G) are parameterized by pairs (a, U ), where a is a conjugacy class representative of G and U is a projective irreducible representation of C G (a), the centralizer of a in G, with 2-cocycle α a with coefficients in k * given by:
The dimension of the representation W (a,U) corresponding to the pair (a,
where G a ⊆ G denotes the conjugacy class of a.
Remark 8.1. Let C(G, ω) denote the fusion category of finite-dimensional G-graded vector spaces with associativity given by ω. The adjoint action of G on itself gives rise to an action by tensor autoequivalences
For each a ∈ G, consider the associated 2-cocycle α a of C G (a) given by (8.1). The map D a : ω → α a induces a group homomorphism
. Following [32] we will denote by H 3 (G, k * ) ab the subgroup
Let p be a prime number. We shall denote by ω p the p-part of the cocycle ω. Thus, ω = p||ω| ω p . Let S ω be the set of prime numbers defined as follows:
, and G has a central Sylow p-subgroup}.
Note that the order of ω is divisible by all primes p ∈ S ω .
Lemma 8.2. Let p be a prime number and assume that G has a central Sylow subgroup S. Then p ∈ S ω if and only if ω|
Proof. The assumption implies that S is an abelian direct factor of G, that is, G = S ×G, where the order ofG is not divisible by p. Then there are 3-cocycles
Observe that the order of the cohomology class of Infl ω 2 divides the order ofG and thus it is relatively prime to p. Therefore the class of Infl ω 1 coincides with the p-part ω p of the class of ω. In addition ω| S = ω p | S = ω 1 .
Suppose
This finishes the proof of the lemma.
Proof. Let p be a vertex of the graph ∆ ′ (G). Then there exists a ∈ G such that p divides | G a|. Now, let W be an irreducible representation of D ω (G) corresponding to a pair (a, U ), where U is any projective irreducible representation of C G (a) with 2-cocycle α a . Then we have dim(a, U ) = | G a| dim U , and thus
G is an equivariantization. In particular, Rep G is equivalent to a fusion subcategory of Rep D ω (G) and therefore
Assume that p ∈ ϑ(D ω (G)) is such that p / ∈ π(cs G). Then for every g ∈ G we have that p does not divide | G g|. It follows from [10, Corollary 4 ] that the Sylow p-subgroup of G is an abelian direct factor of G. Then G has a (unique) central Sylow p-subgroup S p .
We may thus write G ∼ = S p × G with (|S p |, | G|) = 1 and S p an abelian p-group. In view of [32, Proposition 4.2] we have the isomorphism of braided fusion categories 
is not a commutative algebra. Then using [32, Corollary 3.6] we have
This proves that p ∈ S ω and the result follows.
Proof. It follows from Proposition 8.3 that p ∈ S ω and therefore the Sylow psubgroup S p of G is an abelian direct factor of G. Hence there is an isomorphism
. Therefore the irreducible representations of D ω (G) are given by tensor products of irre-
Since p ∈ ϑ(D ω (G)), and p does not divide the dimension of any irreducible representation of D ω2 ( G), then p divides dim Z, for some irreducible representation Z of D ω1 (S p ). Let q ∈ π(cs G). Observe that cs(G) = cs( G), because G = S p × G and S p is abelian. Hence, there exists a ∈ G such that q divides | G a|. Then q divides the dimension of some irreducible representation W (a,U) of D ω2 ( G). This implies that pq divides the dimension of Z⊗ W (a,U) and, since this is an irreducible representation of D ω (G), then p and q are connected by an edge in ∆(D ω (G)).
Using the previous propositions, we obtain the following theorem about the graph ∆(D ω (G)).
Theorem 8.5. Let G be a finite group and let ω be a 3-cocycle on G. Then the graph ∆(D ω (G)) has at most two connected components and its diameter is at most 3. Furthermore, we have:
is the complete graph on the vertex set S ω .
(ii) If the set S ω is non-empty, then the graph ∆(D ω (G)) is connected and its diameter is at most two.
and G is a quasiFrobenius group with abelian complement and kernel. Furthermore, we have
∆(D ω (G)) = ∆ ′ (G
) has two connected components and each of them is a complete graph. (iv) Suppose that G is not solvable. Then ∆(D ω (G)) is connected and its diameter is at most 2.
Proof. (i). The assumption implies that G is the direct product of its Sylow subgroups: G ∼ = S p1 × · · · × S pn , where p 1 , . . . , p n is the set of prime divisors of the order of G. By [32, Proposition 4.2], we have
where the 3-cocycles ω i ∈ H 3 (S pi , k * ) satisfy Infl ω 1 . . . Infl ω n = ω. Thus in this case Rep D ω (G) is a nilpotent braided category and part (i) follows from Proposition 5.3. Observe that the vertex set coincides in this case with the set S ω .
(ii). We may assume that the group G is not abelian. Let p ∈ ϑ(D ω (G)) be such that p ∈ S ω . Using Proposition 8.4, for any q ∈ ϑ(D ω (G)) such that q ∈ ∆ ′ (G) we have that p and q are joined by an edge. This proves that the graph is connected. If s and r are two vertex in ∆ ′ (G) then either s and r and joined by an edge or there exists a path of length 2, which consists of the edges (s, p) and (p, r).
Similarly, suppose that p = l ∈ S ω is another vertex. Since G is not abelian, then there exists a vertex t ∈ ∆ ′ (G). Hence t is connected to both p and l and therefore there is a path (p, t), (l, t) from p to l, of length 2. It follows that the graph ∆(D ω (G)) has diameter at most 2. This proves (ii).
, it is not connected neither. Theorem 2.5 (ii) implies that G is a Frobenius group with abelian kernel and complement. The disconnectedness assumption on the graph ∆(D ω (G)) entails that there cannot be more edges in ∆(D ω (G)) than there are in ∆ ′ (G). Hence ∆(D ω (G)) = ∆ ′ (G) and we get (iii).
(iv). By (ii), we may assume that the set S ω is empty, and thus ϑ(D ω (G)) = π(cs G), by Proposition 8.3. Since G is not solvable, we have that ∆ ′ (G) is connected is its diameter is at most 2, by Theorem 2.5 (iii). Hence the same holds for ∆(D ω (G)). This shows (iv).
The statement on the number of components of ∆(D ω (G)) follows from (iii). Let us prove the statement on the diameter. We have that ϑ(
is not bigger than the diameter of ∆ ′ (G). By Theorem 2.5, the diameter of ∆ ′ (G) is at most 3. This finishes the proof of the theorem.
Example 8.6. Let G be a Frobenius group with abelian kernel N and abelian complement H of orders n and m, respectively. The conjugacy class sizes of G are n and m. The Frobenius kernel N is determined by H by the relation
See [22] . It follows that if a ∈ G, then either a is conjugate to some element of H or a ∈ N . Hence the conjugacy classes of elements of G are those of the form G a, where a ∈ H or a ∈ N .
Since the groups N and H are abelian by assumption, we obtain that C G (a) = H if e = a ∈ H, and C G (a) = N if e = a ∈ N . In addition, every irreducible representation of C G (a) is one-dimensional in either of these cases. As for the identity element e, the irreducible degrees of the centralizer C G (e) = G divide the order of H, by Ito's theorem. Hence the graph ∆(D(G)) coincides with the graph ∆ ′ (G).
Take for instance G to be the Frobenius group G = Z 341 ⋊ Z 10 (with the action of Z 10 on Z 341 such that the generator acts by an automorphism of order 10). Let C = Rep D(G). Then C is a solvable fusion category such that ∆(C) is the graph
Observe that this graph is not allowed for ∆(G), if G is a solvable group; see [27, Theorem 4.3].
Braided fusion categories
We begin this section by recalling some definitions and properties of braided fusion categories. We refer the reader to [2] , [17] for a detailed exposition.
Recall that a fusion category C is called braided if it is endowed with a natural isomorphism, called a braiding,
subject to the hexagon axioms.
If G is a finite group, then the category Rep G is symmetric when endowed with the standard braiding (given by the flip isomophism). A symmetric fusion category C is Tannakian if C ∼ = Rep G as braided fusion categories, for some finite group G.
The category sVec of finite dimensional super vector spaces V = V 0 ⊕ V 1 is a pointed symmetric fusion category which is not Tannakian. The braiding c : V ⊗ W → W ⊗V , between two objects V, W ∈ sVec is defined by c(v⊗w) = (−1) ab w⊗v, for homogeneous elements v ∈ V a , w ∈ W b , 0 ≤ a, b ≤ 1.
Every symmetric fusion category C is super-Tannakian, that is, there exist a finite group G and a central element u ∈ G of order 2, such that C is equivalent as a braided tensor category to the category Rep(G, u) of representations of G on finite-dimensional super-vector spaces where u acts as the parity operator [13] .
If C is a symmetric fusion category, there is a canonical Z 2 -grading on C, C = C 1 ⊕ C −1 , induced by the unique positive spherical structure on C. The category 9.1. Tannakian subcategories of braided fusion categories. Let C be a braided fusion category. Suppose E is any Tannakian subcategory of C, and let G be a finite group such that E ∼ = Rep G as symmetric categories. The algebra A = k G of functions on G with the regular action of G is a commutative algebra in E.
The fusion category C G of right A-modules in C is called the de-equivariantization of C with respect to Rep G, and we have that C ∼ = D G is an equivariantization. The category C G is a braided G-crossed fusion category [43, 44] . That is, D = C G is endowed with a G-grading D = ⊕ g∈G D g and an action of G by tensor autoequiv-
subject to appropriate compatibility conditions. The neutral component C 0 G of C G with respect to the associated G-grading is a braided fusion category.
We have that C is non-degenerate if and only if C 0 G is non-degenerate and the G-grading on C G is faithful. In this case there is an equivalence of braided fusion categories
See [35] , [12, Corollary 3.30] .
Conversely, if D is any G-crossed braided fusion category, then the equivariantization D G under the action of G is a braided fusion category, and C contains E ∼ = Rep G as a Tannakian subcategory, under the canonical embedding
Assume in addition that the Tannakian subcategory E is contained in C ′ . Then the braiding of C induces a braiding in the de-equivariantization C G such that the canonical functor C → C G is a braided tensor functor and the action of G on C G is by braided autoequivalences [5] , [34] , [7, Corollary 5.31 ].
Remark 9.1. Suppose C ∼ = Rep(G, u) is a symmetric fusion category. So that C 1 ∼ = Rep G/(u) is its maximal Tannakian subcategory. It follows from the previous discussion that the de-equivariantization D = C G/(u) is a braided fusion category endowed with an action of G/(u) by braided autoequivalences such that C ∼ = D G/(u) . Observe in addition that, if C is not Tannakian, then we have D ∼ = sVec as braided fusion categories. In fact, we have FPdim D = FPdim C/ FPdim C 1 = 2 and, since the canonical functor C → D is a braided tensor functor, then D is symmetric (and not Tannakian). As a consequence, in the case where C is not Tannakian, we have an exact sequence of braided fusion categories Rep G/(u) → C → sVec .
9.2. S-matrix and Verlinde formula for modular categories. Recall that a premodular category is a braided fusion category equipped with a spherical structure. Equivalently, C is a braided fusion category endowed with a balanced structure, that is, a natural automorphism θ : id C → id C satisfying
Suppose C is a premodular category. Let X, Y be simple objects of C and let S X,Y ∈ k denote the quantum trace of the squared braiding c Y,X c X,
The S-matrix of C is defined in the form S = (S XY ) X,Y ∈Irr(C) . This is a symmetric matrix with entries in a cyclotomic field that satisfies
for all X, Y ∈ Irr(C), where S XY denotes the complex conjugate. In particular, the absolute value of S XY is determined by
The premodular category C is called modular if the S-matrix is non-degenerate [42] . Equivalently, C is modular if and only if it is non-degenerate [17, Proposition 3.7] .
For every X, Y, Z ∈ Irr(C), let N Z XY = dim Hom C (Z, X ⊗ Y ) be the multiplicity of the simple object Z in the tensor product X ⊗ Y . Suppose C is modular. Then the following relation, known as Verlinde formula, holds:
for all X, Y, Z ∈ Irr(C), where d T denotes the categorical dimension of the object T . See [2, Theorem 3.1.14].
Let T be a simple object of C. By [21, Lemma 6.1], |S XT | = |d X d T |, for all X ∈ Irr(C), if and only if T is an invertible object of C.
For the rest of this section, C will be a weakly integral braided fusion category over k. That is, FPdim C is a natural integer. We shall consider the category C endowed with the canonical positive spherical structure with respect to which categorical dimensions of simple objects coincide with their Frobenius-Perron dimensions [18, Proposition 8.23] . The corresponding balanced structure will be denoted by θ : id C → id C . 9.3. De-equivariantization by the maximal Tannakian subcategory of the Müger center and fusion rules. Suppose that E ∼ = Rep G is a Tannakian subcategory of C contained in C ′ . This amounts to the assumption that θ X = id X , for every object X of E. Consider the de-equivariantization C G of C, which is also weakly integral and therefore a premodular category with canonical balanced structure θ. The action by braided autoequivalences of G on C G and the canonical functor C → C G preserve the balanced structures, that is,
for all objects X of C and Y of C G , and for all g ∈ G. See [5, Lemme 3.3] . Lemma 9.2. Let Z ∈ C ′ be a simple object. Suppose that Z is a constituent of X ⊗ X * for some simple object X of C. Then θ Z = 1.
In the case where Z is an invertible object of C, the lemma is contained in [34, Lemma 5.4] .
Proof. The category C ′ is symmetric. Let G be a finite group and u ∈ Z(G), u 2 = 1, such that C ′ ∼ = Rep(G, u). Since C ′ is a symmetric fusion category, for every simple object Z of C we have θ Z = ±1, and Z ∈ Rep G/(u) if and only if θ Z = 1.
Suppose on the contrary that θ Z = −1. In particular C ′ is not Tannakian and E ∼ = Rep G/(u) is its maximal Tannakian subcategory. Thus E is a Tannakian subcategory of C contained in the Müger center C ′ . Let D = C G/(u) denote the de-equivariantization of C, which is an integral fusion category. We shall indicate by θ the canonical positive balanced structure in D. Thus the group G/(u) acts on D by braided autoequivalences preserving the balanced structures, such that
, and the canonical functor F : C → D is a braided tensor functor which preserves the balanced structures.
The essential image of C ′ under the functor F is equivalent as a braided fusion category to the category sVec of super-vector spaces; see Remark 9.1. Let g ∈ F (C ′ ) ∼ = sVec be the unique non-trivial invertible object; g is the unique simple object of
Since θ Z = −1 and F preserves the balanced structures, then θ F (Z) = − id F (Z) . By normality of the functor F , this implies that Hom D (1, F (Z)) = 0 and hence F (Z) is isomorphic to a direct sum of copies of the object g ∈ F (C ′ ).
Let Y be a simple constituent of F (X) in D. The object F (X) ∈ D decomposes a direct sum of conjugates of Y under the action of G/(u). The assumption that Z is a constituent of X ⊗ X * implies that
* . In particular, there must exist s, t ∈ G/(u) such that g has positive multiplicity in the tensor product
On the other hand, since g centralizes ρ s (Y ), we get from (9.1) that
This leads to the contradiction θ Y = −θ Y . The contradiction comes from the assumption that θ Z = −1. Therefore we obtain that θ Z = 1, as claimed.
9.4. Braided fusion categories without non-pointed Tannakian subcategories. Recall that C is a weakly integral braided fusion category. We shall give some sufficient conditions for a tensor product of simple objects of C to be simple. LetC be the fusion subcategory of C generated by X and Y . Then Z belongs to the Müger centerC ′ . Lemma 9.2 implies that θ Z = 1, hence Z generates a Tannakian subcategory of C. Since Z is not invertible, this contradicts the assumption that C contains no non-pointed Tannakian subcategories. 
The Frobenius-Perron graphs of a non-degenerate integral fusion category
Throughout this section C will be a non-degenerate integral braided fusion category. As before, we consider C endowed with its canonical positive spherical structure, so that C is a modular category. (ii). Assume on the contrary that d(FPdim X, FPdim Z) > 4, and let Γ 1 denote the connected component of FPdim X. The multiplicity of Z in X ⊗ X * is given by the Verlinde formula (9.2).
In view of part (i), the nonzero summands in this expression correspond to simple objects T such that d(FPdim T, FPdim X) ≤ 2, so in particular FPdim T belongs to the connected component Γ 1 of FPdim X, or else T is invertible (that is, FPdim T = 1). Thus we have
Note that if T is an invertible object, then Therefore the above expression reduces to
Hence (FPdim X) 2 = FPdim(X ⊗ X * ) divides the multiplicity N Z X,X * , because FPdim T =1 S Z * T is an algebraic integer. This is a contradiction, because by assumption N Z X,X * = 0, and both X and Z are non-invertible objects. This proves (ii) and finishes the proof of the lemma. Observe that the proposition applies, in particular, when the non-degenerate fusion category C contains no nontrivial Tannakian subcategory. * must have a common simple constituent Z, which is necessarily noninvertible. We thus reach a contradiction since, by Lemma 10.2 (ii), the FrobeniusPerron dimensions of non-invertible components of X * ⊗ X (respectively, Y ⊗ Y * ) belong to the same component as FPdim X (respectively as FPdim Y ). This contradiction shows that Γ(C) must be connected and finishes the proof of the proposition.
10.1. Proof of main results on the graph of a braided fusion category. We now proceed to apply the results in the previous subsections in order to give a proof of Theorems 1.2 and 1.1 on the graphs of braided fusion categories.
Proof of Theorem 1.1. Let C be a non-degenerate integral braided fusion category. If every Tannakian subcategory of C is pointed, then Γ(C) and hence also ∆(C), are connected, by Proposition 10.3 (c. f. Remark 2.2). We may therefore assume that C contains a Tannakian subcategory E ∼ = Rep G, where G is a non-abelian finite group. Then the category C is an equivariantization C ∼ = D G , where D = C G is the associated braided G-crossed fusion category (see Subsection 9.1).
It follows from Theorem 7.9 that the graph ∆(C G ) has at most three connected components. This proves part (i) of the theorem. Moreover, if C is solvable, then the group G is solvable as well. Therefore the graph ∆(C) has at most two connected components in view of Theorem 7.7. This proves part (ii) and finishes the proof of the theorem.
Proof of Theorem 1.2. Let C be a braided group-theoretical fusion category. In view of a result of Naidu, Nikshych and Witherspoon [36, Theorem 7.2] there exists a Tannakian subcategory E ∼ = Rep G of C such that the de-equivariantization C G is pointed. In particular, C is an equivariantization of a pointed fusion category. As a consequence of Theorem 7.11, we get part (i) of the theorem, since the prime graph and the common divisor graph of C have the same number of connected components. Let us show part (ii). Let C be a group-theoretical non-degenerate braided fusion category and let E ∼ = Rep G be a Tannakian subcategory of C such that C G is pointed. Then C G ∼ = C(Γ, ω), for some finite group Γ and ω ∈ H 3 (Γ, k * ), and therefore Z(C G ) ∼ = Z(C(Γ, ω)) ∼ = Rep D ω (Γ). In addition there is an equivalence of braided fusion categories C ⊠ (C 0 G ) rev ∼ = Z(C G ), and the neutral homogeneous component C 0 G ⊆ C G is also pointed; see Subsection 9.1. This implies that ∆(C) = ∆(D ω (Γ)) and part (ii) follows from Theorem 8.5.
Application
In this section we shall give a proof of Theorem 1.3. Our proof relies on Proposition 10.3. We shall also need the following lemma. Proof of Theorem 1.3. Let C be a braided fusion category satisfying the assumptions of the theorem. That is, C is weakly integral and the Frobenius-Perron dimension of each simple object of C is a p i -power, where p 1 , . . . , p r are prime numbers, r ≥ 1.
The proof follows the lines of the proof of Theorem 7.2 of [39] . We argue by induction on FPdim C. Observe that the assumption on the dimensions of simple objects of C is also satisfied by any fusion subcategory and, in view of (7.2), also by any de-equivariantization of C.
If FPdim C = 1 there is nothing to prove. If C is not integral, then it is a U (C)-extension of its adjoint subcategory C ad , where U (C) denotes the universal grading group of C. Since C is braided, the group U (C) is abelian. We may inductively assume that C ad is weakly group-theoretical (respectively, solvable), and then C is weakly group-theoretical (respectively, solvable) as well, by [19, Proposition 4.5] .
We may thus assume that C is integral and not pointed. Furthermore, we may also assume that the graph ∆(C) consists of at least two isolated points; otherwise the Frobenius-Perron dimensions of simple objects of C are powers of a fixed prime number and the theorem follows from [39, Theorem 7.2] .
We shall show below that C contains a nontrivial Tannakian subcategory E. Hence E ∼ = Rep G for some finite group G. Since C contains Rep G as a Tannakian subcategory, then C is an equivariantization of a G-crossed braided fusion category C G . Since FPdim C Furthermore, if C satisfies assumptions (a) or (b), then it follows from Formula (7.2), that so does the fusion category C G (which is not necessarily braided), and then the same is true for the fusion subcategory C It remains to consider the case where C contains no nontrivial Tannakian or non-degenerate subcategories. In this case, Lemma 11.1 implies that C is slightly degenerate. Since ∆(C) consists of at least two isolated points, then C has a simple object of p-power dimension for some odd prime number p. This contradicts the assumption that C has no nontrivial Tannakian subcategories, in view of [19, Proposition 7.4] . The proof of the theorem is now complete.
